Some searches were conducted to the problem of biaxial bending. Bresler [10] and Bernardo [11] studied biaxial bending for unretrofitted short rectangular columns.
Introduction
Extensive research has been carried out in recent years on the use of FRP composites in strengthening of RC structures. Concrete elements strengthened with FRP undergo significant improvement of strength, ductility and resistance to electrochemical corrosion. Moreover, strengthening concrete member with FRP has the advantages of decreased installation costs and repairs, less stiffness and weight in comparison with steel. The increase in stiffness of the structural elements is undesirable in seismic prone areas. Structural members can be strengthened with FRP jackets provided along the whole length of the member or in regions of maximum straining actions. FRP strengthening can, also, be provided on one face of the structural member as in the case of stiffening the tension fibers of a beam.
For FRP retrofitting problem, the confinement model describing the behavior of rectangular concrete columns retrofitted with externally bonded FRP material and subjected to axial stress was presented by Chaallal et al. [1] . Other researchers investigated the effect of FRP in seismic strengthening of concrete columns, Tastani and Pantazopoulou [2] and Ozcan et al. [3] . They found that FRP retrofitting remarkably increased the strength and ductility of the strengthened members. Some researchers proposed simplified equations for FRP retrofit design of difficient rectangular columns, Ozcan et al. [4] .
Other researchers studied reinforced concrete members externally bonded with FRP fabric using commercial software ANSYS, Kachlakev et al. [5] , Li et al. [6] . Yan et al. [7] developed an analytical stress-strain model. Purushotham et al. [8] studied piles in berthing structures under uniaxial bending. Kaba and Mahin [9] presented the concept of fiber method in their refined modeling of RC columns for seismic analysis under uniaxial bending. In practice, many RC columns are subjected to biaxial bending. The analysis of such problems are difficult because a trial and adjustment procedure is necessary to find the inclination and depth of the neutral axis. The problem becomes more complicated when the slenderness effect is included. A typical interaction diagram for biaxially loaded column is shown in Fig. 1 . Case a and case b are the uniaxial bending about the z axis and y axis respectively. The interaction curves represent the failure envelope for different combinations of the axial load and bending moments. Case c represents the case of a RC column with biaxial bending.
The material nonlinearity is considered to account for concrete cracks and the change of the stress-strain relationship of the different materials. The material nonlinearity is thus introduced by using the FMM together with the incremental iterative solution. The geometric nonlinearity is considered in the present study to account for the deformations occurring due to excess bending moments developed by the effect of axial load. The geometric nonlinearity, thus, considers the slenderness effect of the column. The bond-slip effect is considered by introducing the bond properties of the epoxy resin applied to adhere FRP to the RC column.
The method adopted is accomplished by dividing the column into segments along the member axis to introduce the FEA for the skeletal segments. At each end of the segment, the cross-section is divided into concrete, steel and FRP fibers to introduce the FMM. The properties of a cross-section is calculated by summing up the properties of all the fibers or elemental areas of the particular section. The column segment properties are considered as the average properties of the its end cross-sections. The segment and cross-section discretization are detailed in section 2.
The load is applied incrementally until the maximum allowed strains are reached. An incremental iterative method is employed to solve the problem. After each iteration, the properties of each cross-section are computed according to the material changes occurring and governed by the stress-strain relationship for each material. The properties of each column segment is considered as the average between its end section properties. Those properties are then introduced to the tangential linear stiffness matrix. The geometric nonlinearity is accounted for through the geometric stiffness matrix. Also, the bond-slip effect is considered by the addition of the bond-slip stiffness matrix.
It is, therefore, the aim in this study to adopt the FEA to formulate the linear, geometric and the bond-slip stiffness matrices of composite members subjected to biaxial bending together with axial forces. The model is developed within an updated Lagrangian incremental formulation.
The assumptions of the present analysis are: 1)only longitudinal partial interaction is considered. Axial relative displacement occurs between different elements while the vertical displacement is the same for all elements. 2)small strains and moderate rotations are considered. This assumption represents a rigorous simplification applicable to many problems. 3) Both layers, referred to as elements in the present study, followed the Euler-Bernoulli beam theory. This considers that plane cross-sections remain plane after deformations and perpendicular to the axis of the beam. 4) Shear and torsional deformations are neglected. 5) Effect of the column weight is neglected.
Fiber method modelling of frp confined beam columns
The cross-section is divided into concrete, steel and FRP fibers to introduce The FMM is introduced herein to compute the properties of each fiber, thus achieving the properties of the a cross-section by summing up the properties of all its fibers or elemental areas. The meshing is given in Fig. 2(a) . The column segment properties are considered as the average properties of its end cross-sections.
The same derivation in the companion paper [31] for columns under biaxial bending is adopted herein after the necessary modifications to solve the column under the effect of slip.
The strain distribution is defined by the maximum compressive strain ε m , together with the depth of the neutral axis, Z n . The strains are shown in Fig. 2(b) . 
where φ y and φ z are the curvatures along the y-axis and z-axis respectively and ε o is the strain at point "O".
The elemental strain is computed as:
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where Z is the distance from the maximum strain to the element measured perpendicular to the N.A. After determining the strain of each fiber from eq.5, the corresponding elemental modulus of elasticity, G, is determined as detailed in section 4. The elemental properties are computed and summed up to obtain the cross-section properties as shown in the following equations:
where α is the counter of an arbitrary element. In the present study, element 1 is the RC section and element 2 is the FRP. n is the total number of elements and is equal to 2 in the present study, i is the counter of fibers, nfib is the total number of fibers of element α, ΔA i is the area of each fiber, y i , z i are distances from the center of the considered fiber to the z and y axes respectively. Those symbols are shown in Fig. 2a . It should be noted that the properties EA, ES y and ES z are given separately for each element, while the properties EI z , EI y and EI yz are the summation of the corresponding properties of both elements. The reason for this is that the axial displacement is different for each element due to the slip effect while both elements undergo the same curvatures about the z-axis and the y-axis.
Displacement-based fiber model with bond-slip
A one dimensional finite element analysis is adopted to solve the column segments. The segments are considered to be of unsymmetric cross-section caused by the inclination of the N.A. The finite element formulation given by Yang and McGraw [32] to solve the thin-walled, i.e. bare-steel columns, is introduced herein after applying the necessary modification to include the concrete, FRP and bond-slip.
Displacements and strain fields
The axial displacement of an arbitrary point of an element (α ) in the cross-section is given in terms of the displacements of a constant point "c" on the same element as follows
where u xcα is the axial displacement of the element α, y and z are the vertical and horizontal distances, respectively from the centroid of any follower element α to the centroid of the parent element having α=1. In the present study, the concrete section and the FRP are considered to be the parent and the follower elements respectively. And u
are the derivatives of the transverse displacements u yc and u zc . y=y α -y 1 and z=z α -z 1 however, for simplicity, the reference axes are chosen such that y 1 =0 and z 1 =0, Fig.3 (a) . It should be noted that the transverse displacements, u yc and u zc , are considered to be the same for all elements of the beam with respect to the axis of the beam. For simplicity, the symbol "c" is dropped out from the r.h.s. of the equations. The relevant linear strain field can, then, be obtained from the displacement field given by eq. 7 by differentiating the mentioned equation w.r.t. the beam coordinates as 
while the nonlinear strain field is given by
and u x,x is ignored as usual practice. The slip satisfying the compatibility relation with the displacements of element 1 and element 2 is given as
Forces
In general, the the normal stress f x shown in Fig. 3 (a) is expressed as
Following the integrations at the cross-section, the stress resultant are expressed as
where the elemental properties are previously given in section 2.
Degrees of freedom and nodal forces
The local coordinates are shown in Fig. 3 (b and c).
The displacement vector <u>is given by:
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While the vector of the nodal forces <f> is given by:
Virtual work
The partial interaction problem is solved using the principle of virtual work. This is accomplished by equating the work of internal stresses to the work of external stresses in an incremental form. The principle of virtual work will be adopted to deduce:
-the linear and nonlinear stiffness matrices of a beam element which consist of an assemblage of two different elements connected by deformable interface.
-the bond-slip stiffness matrix.
The equilibrium condition for the entire beam-column is then expressed by assembling the vectors and matrices defined for each segment according to the principle of finite elements.
The details are given below.
For the beam with FRP
in which 1 e xx and 1 η xx are the linear and non-linear incremental strain respectively, f x denotes the stress at C 1 , E is the modulus of elasticity of the cross-section and 2 1 R and 1 1 R are the external virtual work at C 2 and C 1 respectively but both being measured at C 1 and 2 2 R = the external virtual work expression substituting equations 8 into eq.16, we get
A linear displacement field is adopted for the axial displacement, u x , and a cubic displacement field for other displacements. The incremental displacements are expressed as:
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in which i is given by the value x l .
The nodal degrees of freedom ie., the ends A and B of the column segment are given by:
where l is the length of the segment.
The linear part
The linear part taken from eq. 17 is
in which α is the counter of the considered elements and n is their total number.
applying the properties of the cross-section given in eqs 6, the previous expression becomes
Substituting the interpolation functions in eq. 18, the following equation applies
The nonlinear part
The nonlinear part taken from eq. 17 is
when several elements participate in the nonlinear virtual work, the previous eq becomes
in which α is the counter of the considered elements and is their total number.
when n=2, as in the general case, then
. The linear and nonlinear stiffness matrices are obtained after performing the integrations in eqs 24 and 27 and are given in the appendix.
For bond-slip
The bond-slip expression given in eq.10 is substituted in the linear portion of the virtual work expression given in eq. 17 and the expression thus becomes
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where A b is the area of the FRP per unit length of the segment.
The bond-slip matrix is obtained after performing the integrations in eq 30 and is given in the appendix.
Eqs. (24, 27 and 30) can be combined to give: 
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And upon simplification, the equilibrium equations (31a to 31d) are written in the form
in which K e , K g and K b are the linear, geometric and bond-slip stiffness matrices respectively, { u } is the incremental displacement vector and { f 1 } and { f 2 } are the segment nodal forces at the beginning and the end of the incremental step.
The very simple form of the equilibrium equations is
in which
The given procedure can be applied to problems with complete bond by combining elemental properties of the elements 1 and 2 and dropping out the bond-slip stiffness matrix. In this case each K will be of order 10*10 instead of 12*12.
Stress-strain curves
The constitutive relations for concrete, steel, FRP and bond are schemetically shown in Fig.4 .
Stress strain relationship for FRP
The stress-strain relationship for FRP is considered linear as shown in Fig.4 .a the incremental stress-strain relationship is given by δ f f = G f δε f (35) where G f is the elemental FRP modulus of elasticity and is expressed as (36) in which f f and ε f are the FRP stress and strain respectively, f fu and ε f u are the ultimate FRP stress and strain respectively and E f is the modulus of elasticity of FRP. 
Stress strain relationship for steel
For simplicity, the stress-strain relationship for the steel bars is considered to be an elasticperfectly plastic curve neglecting steel hardening. The relationship is shown in Fig. 4 .b.
The incremental stress-strain relationship is δ f s = G s δε s (37) where G s is the incremental steel modulus of elasticity and is expressed as
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in which f s and ε s are the steel stress and strain respectively, f y and ε y are the yield stress and yield strain respectively and E s is the modulus of elasticity of steel.
Stress strain relationship for concrete
For unconfined concrete, the relationship adopted by Al-Noury and Chen [33] was chosen to express the first portion of the compressive stress-strain curve for concrete as a third-degree polynomial. The second portion is considered to be perfectly plastic as shown in Fig.  4 .c. The incremental stress-strain relationships is expressed as:
where The stress-strain behavior of FRP-confined concrete is largely dependent on the level of FRP confinement. The bilinear stress-strain relationship suggested by Wu et al. [34] is shown in Fig. 4(c) and is adopted herein. The stress-strain curve of concrete confined with sufficient FRP displays a distinct bilinear curve with a second ascending branch as shown in Fig. 4(c) . A minimum ratio of FRP confinement strength to unconfined concrete compressive strength f l /f' c of approximately 0.08 is provided to ensure an ascending second branch in the stressstrain curve. Confinement modulus (E 1 ) and confinement strength (f l ) are considered to be the two main factors affecting the performance of FRP-confined columns. The two factors are given as:
where ρ f is the volumetric ratio of FRP to concrete, which can be determined for a rectangular section as to a circular section with an equivalent diameter taken as the length of the diagonal of the rectangular section as follows:
where h and b are the bigger and smaller dimensions of the cross-section respectively, n is the number of FRP layers and t f is the thickness of each layer.
The maximum FRP-confined concrete compressive strength and the ultimate axial strain of the FRP-confined concrete compressive stress-strain are given by Rocca et al. [35] as
where k a and k b are efficiency factors that account for the geometry of the cross-section. In the case of rectangular columns, they depend on the effectively confined area ratio A e /A c and the side-aspect ratio h/b. These factors are given by the following expressions:
where A g is the total cross-sectional area, ρ g is the ratio of the longitudinal steel reinforcement to the cross-sectional area of a compression member and r is the corner radius of the cross-section.
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The slope of the second branch E 2 is computed from the following equation considering the intercept of the second portion with the stress axis equal to f c ' for simplicity, Rocca et al. [35] .
The transition stress f t and transition strain ε t are given by the following equations
The maximum exerted confining pressure f lu is attained when the circumferential strain in the FRP reaches its ultimate strain ε fu corresponding to a tensile strength f fu [36] and Eq. (42b) becomes
where
is the equivalent diameter for non-circular cross-sections. The following equations express the elemental modulus of elasticity for confined concrete in terms of strain.
The effective strain ε fe is computed as the product of an efficiency factor K e and the ultimate FRP tensile strain ε fu . The factor K e is to account for the difference between the actual rupture strain observed in FRP-confined concrete specimens and the FRP material rupture strain determined from tensile coupon testing, Wu et al. [34] . The factor ranges from 0.55 to 0.61 and is taken 0.586 in this study.
Stress strain relationship for FRP-Concrete Bond
The relationship is shown in Fig. 4 .d.
The incremental stress-strain relationship is
where G b is the incremental steel modulus of elasticity and is expressed as
in which τ b and u b are the steel stress and strain respectively, τ b and u b are the yield stress and yield strain respectively and E b is the bond elastic stiffness.
Steps of solution followed by the developed program
The mixed procedure is utilized to solve the nonlinear problem. This procedure utilizes a combination of the incremental and iterative (Newton-Raphson) schemes. The load is applied incrementally and after each increment successive iterations are performed. Steps of the solution are then introduced. The mixed procedure is utilized herein to solve the nonlinear problem. This procedure utilizes a combination of the incremental and iterative (Newton-Raphson) schemes. The load is applied incrementally and after each increment successive iterations are performed. The method is illustrated in fig.5 .
The combined method is summarized in the following steps: Then compute the corresponding displacements {u 2 } by solving the equation
Repeat steps 2 and 3 until {Δf} becomes very small.
5.
Repeat all steps again for the next increment.
Numerical examples
Two examples are given below. The first example considers a rectangular column fully confined with FRP. Complete bond is considered. The second example is a beam strengthened with FRP on the tension side. In this example the slip between the two elements is considered. A slight difference in results is observed. It is owed to the provision of corbels in the specimens of Chaallal and Shahawy. They provided large corbels at the ends of the specimens to receive a single load source applied eccentrically thus simulating the combined stress effects in columns. The corbels increased the overall stiffness of the beam column and thus the capacity of loads.
It should be noted that all wraps were characterized by a bidirectional oriented fibers (0 0 /90 0 ) applied along the entire height of the columns. As recommended by ACI 440.2R-02 [37] . The enhancement is only of the significance in members where compression failure is the controlling mode Nanni [38] . This strength enhancement is due to the confining effect of the FRP. When the column is subjected to axial load F x and moment M z such that their coordinates lie below the balanced point, the column is considered to be unconfined. This is owed to the limited value of F x which is considered insufficient to dilate the concrete in the hoop direction thus failing to activate the FRP wrapping effect to confine the concrete. In the present analysis where the wraps are of bidirectional fibers, the point of pure bending is computed accounting for the FRP in the longitudinal direction and its contribution to the flexural capacity according to ACI440.2R-02 [37] . This case was also set by Chaallal and Shahawy [1] . Fig.7shows the plots of the column subjected to uniaxial bending Mz and My. As expected, the capacity of the about the about the y-axis is less than that about the z-axis.
The same model was also subjected to biaxial bending at two axial load levels, namely: Fx=0 The carbon fiber reinforced polymer is of tensile strength 2400 MPa and tensile modulus of elasticity 150 GPa. The epoxy resin is of 100 MPa compressive strength and 12.8 GPa modulus of elasticity. The concrete element is considered supported on a roller at one end and hinged at the other end. While the FRP element is considered to be supported on rollers at both ends. Fig.10 shows the verification of the present analysis if the beam considering bond-slip against Aprile. The curves are plots of the midspan deflection of the beam against the applied force (2F). A slight difference is observed between the two curves. Also, a plot of the reference beam, with no FRP was plotted as reference beam. Another plot of the beam with full bond between the concrete and the FRP was plotted. At the maximum deflection of the beam with bond-slip, the reference beam shows nearly 15% decrease in the load capacity while the beam with complete bond achieves nearly 20% increase in the load capacity. In addition, the later beam undergoes greater deflection and the highest capacity. The curves show two points of remarkable change in slope indicating remarkable loss of strength in the beam. The lower point indicates concrete cracking in the middle third of the beam, at the location of the applied concentrated load. The upper point indicates the start of yield of the bottom steel reinforcement. 
Summary and conclusions
The FEA together with the FMM were utilized to solve the problem of RC strengthened with FRP. The structural member solved can be of any slenderness ratio, under any loading and can have any end conditions. The FRP wraps can be totally or partially bonded to the concrete member. The elastic, geometric and bond-slip stiffness matrices of the member in the three-dimension were deduced and given in an appendix. ∑ which in the general case when α=2, the previous term is ( + All the elements of the geometric stiffness matrix are multiplied by the factor ∑ α=1 n F xα which in the general case when α=2, the previous term is ( F x1 + F x2 ).
